High-fidelity entangled Bell states are of great interest in quantum physics. Entanglement of ultracold neutral atoms in two spatially separated optical dipole traps is promising for implementation of quantum computing and quantum simulation and for investigation of Bell states of material objects. We propose a new method to entangle two atoms via long-range Rydberg-Rydberg interaction. Alternatively to previous approaches, based on Rydberg blockade, we consider radiofrequency-assisted Stark-tuned Förster resonances in Rb Rydberg atoms. To reduce the sensitivity of the fidelity of Bell states to the fluctuations of interatomic distance, we propose to use the double adiabatic passage across the radiofrequency-assisted Stark-tuned Förster resonances, which results in a deterministic phase shift of the two-atom state.
I. INTRODUCTION
High-fidelity entangled Bell states are of great interest in quantum physics [1] . Entanglement of ultracold neutral atoms in two spatially separated optical dipole traps [see Fig. 1 (a)] [2, 3] is promising for implementation of quantum computing and quantum simulation and for investigation of Bell states of material objects [4, 5] . Arbitrary Bell states can be generated using a sequence of the Hadamard gates and a controlled-Z (CZ) gate applied to the control and target qubits as shown in Fig. 1(b) [6] .
The effect of Rydberg blockade [7] has been successfully used for entanglement of two atoms [2] and implementation of two-qubit gates in a scalable quantum register [3, 8, 9] . Scheme of CZ gate based on Rydberg blockade is shown in Fig. 1(c) . If the control qubit is excited to the Rydberg state by pulse 1, the excitation of the target qubit by pulse 2 will be blocked [3] . Otherwise, the 2π pulse 2, which acts on the target qubit, will shift the phase of the collective two-atom state by π. Despite the simplicity of this scheme, high-fidelity twoqubit gates have not been implemented yet [8] . One of the possible obstacles is a complex structure of collective Rydberg states of two multi-level atoms which may result in blockade breakdown [10] .
Alternatively, the interaction of two temporarily excited Rydberg atoms can be used for implementation of controlled-phase gates via phase shifts, which are induced by the weak Rydberg-Rydberg interactions [11] , or due to their coherent coupling at a Förster resonance [12] . The scheme of CZ gate based on a Stark-tuned Förster resonance is shown in Fig. 1(d) [12, 13] . Two trapped atoms are excited into Rydberg states |r which are then tuned by the external electric field midway between two other Rydberg states of the opposite parity |r ′ and |r ′′ * beterov@isp.nsc.ru (Förster resonance) [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] . The interaction between Rydberg atoms should be sufficiently small to avoid Rydberg blockade during laser excitation. At Förster resonance, Rydberg interaction coherently drives the transition |rr → |r ′ r ′′ , leading to the π phase shift of the collective state |rr after the end of single Rabi-like population oscillation. In contrast to Rydberg blockade, this approach does not require strong Rydberg-Rydberg interaction, but it suffers from the sensitivity to the fluctuations of the interaction energy due to fluctuations of the interatomic distance.
Recently we proposed the schemes of CZ and CNOT gates based on the double adiabatic passage across the Stark-tuned Förster resonance leading to a deterministic phase shift of the two-atom state [24] . Scheme of twoqubit CZ gate is shown in Fig. 1(e) . Two atoms are excited into Rydberg states |r a and |r b which can be either different or identical. The time-dependent electric field adjusts the Rydberg energy levels in such a way that the energy difference between Rydberg state |r a and |r s becomes equal to the energy difference between Rydberg states |r ′ and |r ′′′ twice in time. The states |r and |r ′′ must be of the opposite parity, as well as the states |r b and |r t . Rydberg-Rydberg interaction leads to the adiabatic transfer of the population of the collective twoatom states |r a r b → |r s r t → |r a r b . After the end of the double adiabatic passage the system returns to the initial two-atom state |r a r b with a deterministic π phase shift added.
Implementation of this scheme requires isolated Förster resonances for high-lying Rydberg states, which should have substantially long lifetimes in order to reduce decoherence during adiabatic passage [25] . Therefore in our previous work [24] we considered only Cs atoms, where we have found a suitable resonance.
Radiofrequency-assisted or microwave-assisted Förster resonances can be used to induce the "inaccessible" resonances which cannot be tuned by the dc electric field alone [26] [27] [28] . Additional isolated Stark-tuned reso- nances can thus be found. In this work we consider generation of Bell states using CZ gate, based on the double adiabatic passage of radiofrequency-assisted Förster resonances, as shown in Fig. 1(f) . This scheme is equivalent to Fig. 1 (e), but the "inaccessible" Förster resonance is observed for the additional Floquet states, which are induced by an external radiofrequency (rf) electric field [26] [27] [28] . This paper is organized as follows. In Sec. II we present a theory of rf-assisted adiabatic passage in a two-level quantum system. Sec. III is devoted to Stark-tuned and rf-assisted Förster resonances for Rb Rydberg atoms taking into account the complex structure of Rydberg energy levels and their behavior in the external electric field. In Sec. IV we discuss the results of calculation of infidelities of Bell states taking into account finite lifetimes of Rydberg states and the fluctuations of the interatomic distance.
II. THEORY OF RF-ASSISTED ADIABATIC PASSAGE
The Hamiltonian for a two-level system with states |1 and |2 is written aŝ
Here V is a coupling energy and δ (t) is a timedependent energy defect. Using the Schrödinger equation, we write the equations for the probability amplitudes:
To study rf-assisted adiadatic passage, we write the time-dependent detuning as following:
Here δ ′ (t) is a time-dependent function, which is slowly varied around zero, δ 0 = const is the detuning for rfassisted resonance, ω rf is the frequency of the rf field and A is the amplitude of modulation. After replacement
we obtain from Eq. (2):
Now we use the expansion [29] exp
and replacementc 2 = c ′ 2 exp (−iω rf t). Here J m (z) is a Bessel function of the first kind [29] . By neglecting rapidly oscillating terms ∼ exp (−imω rf t), m = 0, we rewrite Eq. (5) as following:
If δ 0 = ω rf , we can write the equivalent Hamiltonian asĤ (5) we obtain
Similarly, if
In our previous work [30] we considered adiabatic passage of the Förster resonances with constant interaction energy. To achieve high fidelity of population transfer and deterministic phase accumulation, we used a double adiabatic sequence with nonlinear time-dependent detuning:
as shown in Fig. 2 (a). Here the exact resonance occurs at times t 1 = −0.2 µs and t 2 = 0.2 µs, the parameters being s 1 /2π = −51 MHz/µs and s 2 /2π = −360 GHz/µs 5 . Now we consider rf-assisted adiabatic passage with the time-dependent detuning from Eq. (3) with δ 0 /(2π) = ω rf /2π = 2 GHz and A/2π = 2.4 GHz, as shown in Fig. 2(b) . The comparison of the calculated time dependence of the population and phase of the initial state |1 of the system with the Hamiltonians from Eq. (1)(exact) and Eq. (9)(approximate) is shown in Figs. 2(c) and 2(d), respectively. The jumps in Fig. 2(d) and subsequent figures appear because the phase is defined in the interval (−π, π). The interaction energy is V /2π = 4.5 MHz. Good agreement between the exact and approximate calculations is observed. This shows that the technique of deterministic phase accumulation via double adiabatic passage with nonlinear timedependent detuning from the resonance, developed in our previous work, can also be applied to the rf-assisted Förster resonances.
III. STARK-TUNED AND RF-ASSISTED FÖRSTER RESONANCES FOR RB RYDBERG ATOMS
Stark-tuned Förster resonance required for the implementation of the proposed schemes must meet the following criteria [24] : (i) the lifetimes of Rydberg states must be sufficiently long to avoid the decay of coherence during the gate operation due to spontaneous and blackbody radiation (BBR) induced transitions; (ii) initial Förster energy defect must be sufficiently large to allow for rapid turning off the interaction between atoms at the beginning and the end of the adiabatic passage; (iii) selected interaction channel must be well isolated from the other channels to avoid break-up or dephasing of the adiabatic population transfer. As a rule, such resonances are difficult to find.
The numerically calculated Stark diagram for Rb Rydberg states with |m j | = 1/2 is shown in Fig. 3(a) . The dc electric field is aligned along the z axis. The 80P 3/2 state is selected as zero energy level. We have calculated the radial matrix elements using the quasiclassical approximation [31] and the method of quantum defects [32] . The |S 1/2 ; S 1/2 → |P 1/2 ; P 1/2 interaction channel, used in our previous work [24] , has no splitting in the dc electric field. However, the anticrossing with the hydrogenlike manifold for 80S state occurs in the electric field E ∼ 0.17 V/cm which is too small for efficient implementation of the rf-assited adiabatic passage. The P and D states are sufficiently far from the hydrogenic manifold, but the Förster resonances involving these states are split in the electric field, which makes it difficult to find a suitable isolated resonance. Therefore we exploit the angular dependence of the dipole-dipole interaction of Rydberg atoms at Förster resonances which has been studied in Ref. [33] .
The electric dipole-dipole interaction between two atoms A and B is described by the operator
Hered k,± = ∓ d k,x ± id k,y √ 2 are the components of the dipole operator in the spherical basis and the angular prefactors are
The operatorV dd couples two-atom states where the total magnetic quantum number M = m 1 + m 2 changes by ∆M = 0, ±1 and ±2. For θ = π/2 only the states with ∆M = 0 and ∆M = 2 are coupled.
The matrix element of theV dd operator for transition between the collective two-atom states |r a r b → |r s r t , where for each atomic state |r = |nljm j n is a principal quantum number, l is the angular moment, j is the total moment and m j is the projection of the total moment, is expressed as [34, 35] are radial matrix elements for |n a l a → |n s l s and |n b l b → |n t l t transitions, respectively. We calculated the radial matrix elements using a quasiclassical approximation [31] .
The Förster energy defect for channel k is the difference between the energies of the initial collective state |r a r b and of the final state |r s r t :
We consider the Förster resonance Fig. 3(b) .
Here we selected |60P 3/2 ; 80P 3/2 as zero energy state in zero electric field. The energy of the collective state |60P 3/2 , m 1 = 3/2; 80P 3/2 , m 2 = 3/2 state is shown as thick dashed line in Fig. 3(b) Fig. 3(b) .
In the region E < 0.4 V/cm we can approximate the energy shifts of the Rydberg states as
The coefficients α
i and α
i , calculated for each Rydberg state by approximation of Stark diagrams, are listed in Table I .
Radiofrequency-assisted Förster resonances were extensively studied in our recent works [27, 28] . Using radiofrequency or microwave electric field, it is possible to induce the "inaccessible" resonances which cannot be observed by applying dc electric field only. The energy defect for the |60P 3/2 ; 80P 3/2 → |59D 5/2 ; 78D 5/2 channel in Rb atoms in zero electric field is δ be induced using the rf electric field added. The calculated interaction energy for θ = π/2 is V 1 /(2π) = 12140 MHz µm 3 . The time-dependent electric field required for adiabatic passage of rf-assisted Förster resonances is written as
Here E dc (t) is a slowly-varying electric field which tunes the collective energy levels across the rf-assisted Förster resonance, and E V is the amplitude of the rf field. The time-averaged detuning for the electric field from Eq. (16) is written as
k is the Förster energy defect in zero electric field and the coefficients α Table I as the differences of the polarizabilities of collective states |r a r b and |r s r t for the interaction channel k. The first-order rf-assisted Förster resonance occurs, when δ = ±ω rf .
The initial collective state in our calculations are |60P 3/2 , m 1 = 3/2; 80P 3/2 , m 2 = 3/2 . We have calculated the probability amplitudes of collective states of two-atom system driven by the Rydberg-Ryderg interactions in the time-dependent electric field. We have included in our numeric model 68 collective states for the |60P ; 80P → |59D; 78D Förster resonance with |M | = 1, 3, 5, taking into account the fine structure and Stark sublevels of the Rydberg states. To find the time dependence of the dc electric field, we write the condition for the time-averaged detuning, following Eqs. (3), (10) and (14):
We have chosen s 1 /(2π) = −3.1 MHz/µs, s 2 /(2π) = −80 MHz/µs 5 , t 1 = −0.8 µs, t 2 = 0.8 µs and the total length of the double adiabatic passage T = 3.2 µs. The frequency of the rf field is ω rf /(2π) = 220 MHz and the amplitude E V = 0.1 V/cm. The critical field for the rf-induced Förster resonance is 0.274 V/cm, and the position of this resonance is marked by the arrow in Fig. 3(b) . The time dependence of the dc electric field used for adiabatic passage of the rf-assisted Förster resonances is shown in Fig. 4(a) .
The timeaveraged dependences of the energy defects for the |60P 3/2 , m 1 = 3/2; 80P 3/2 , m 2 = 3/2 → |59D 5/2 , m the adiabatic passage is not exactly equal to π, as shown in Fig. 4(d) . Similarly to our previous work [24] , we correct this phase error by setting t 2 = 0.7996 µs. The time dependence of the population and phase of the For comparison, we also considered coherent coupling at the rf-assisted Förster resonance in the critical dc electric field of 274 mV/cm. Single Rabi-like oscillation occurs during the time interval T = 0.92 µs, as shown in Fig. 5(c) . The time dependence of the phase of the ground state is shown in Fig. 5(d) .The coherent coupling at Förster resonance can be implemented at substantially shorter timescale than adiabatic passage, thus reducing the decoherence from finite lifetimes of Rydberg states. However, its drawback is that it requires precise control of the interatomic distance to avoid population and phase errors, which is hard to achieve.
IV. GENERATION OF BELL STATES USING ADIABATIC PASSAGE
The entangled Bell states of a bipartite quantum system are defined as following [1, 6] : 
We have calculated the fidelities of the generated Bell states for Rb atoms taking into account finite lifetimes of Rydberg states [25] . The scheme of generation of Bell states using a CZ gate is shown in Fig. 1(b) . The Hadamard gate can be implemented using either microwave or Raman laser transitions between the hyperfine sublevels |0 , |1 of the ground state. For simplicity, we consider an open system and neglect return of the population from Rydberg to the ground state due to spontaneous decay during adiabatic passage. The time dynamics of the probability amplitudes in the open system with finite lifetimes of the Rydberg state i can be described by the time-dependent Schrödinger equation by adding −γ i /2 to the right-hand side of each equation for the probability amplitude c i [36] , where γ i is a decay rate of the Rydberg state.
For simplicity, in our simulations we prepared the control qubit in the superposition state (|0 + |1 ) / √ 2 or (|0 − |1 ) / √ 2 which should appear after the Hadamard gate is applied to the control qubit as shown in Fig. 1(b) . Then we applied the short microwave and laser pulses (with 10 ns duration) to the control and target qubits to perform Hadamard gates on the target qubit and then to excite both atoms into the Rydberg state following the scheme of Fig. 1(b) . We considered laser excitation in a zero electric field. We have taken into account the accumulation of the phase of the excited 60P 3/2 and 80P 3/2 states in the time-dependent electric field during adiabatic passage by adjusting the phase of the laser pulses which de-excite Rydberg states after the adiabatic passage is finished. The numerically reconstructed density matrices for the Bell states are shown in Fig. 6 . We see that the fidelity is close to 97.7% for all Bell states.
We have calculated also the fidelity of Ψ + Bell state for coherent coupling at Förster resonance for the same interatomic distances to compare with the double adiabatic passage. The calculated dependence of the infidelity of generated Bell states is shown as a function of interatomic distance in Fig. 7 . We compare the infidelity of the Bell state generated using by double adiabatic passage of the rf-assisted Förster resonance with the fidelity of Bell state generated using coherent coupling at rf-assisted Förster resonance. From Fig. 7 it is clear that double adiabatic passage reduces the sensitivity of the fidelity of Bell states to the fluctuations of the interatomic distance compared with coherent coupling at rf-assisted Förster resonance at a price of the reduced fidelity.
V. CONCLUSION
Implementation of high-fidelity two-qubit gates with Rydberg atoms is a challenging problem. In the schemes based on coherent coupling due to Rydberg-Rydberg interactions, off-resonant Förster interactions and finite lifetimes of Rydberg states strongly limit the fidelity of the generated Bell states. RF-assisted Förster resonances provide additional flexibility in search of well isolated Förster resonances which are suitable for implementation of two-qubit gates and generation of Bell states with ultracold neutral atoms. We have identified such resonances for Rb atoms and have shown that rf-assisted Förster resonances allow coherent coupling and adiabatic rapid passage for population inversion. We have shown that the double adiabatic passage of rf-assisted Förster resonances results in the deterministic phase shift and allows reducing the sensitivity of fidelity of Bell states to the fluctuations of the interatomic distance. Both coherent coupling and double adiabatic passage at rf-assisted Förster resonance can be used for generation of entanglement between the atoms at large interatomic distances where Rydberg blockade is cannot be obtained due to small interaction energy. This can be especially useful for the quantum registers based on the dipole trap arrays obtained with microlenses arrays [37] . Coherent coupling at Förster resonance can be used, in principle, to achieve higher fidelity of two-qubit gates, but it requires precise control of the interatomic distance which can be experimentally challenging. Therefore we believe that the double adiabatic passage can be used to achieve reasonably high fidelity in experiments with Rydberg atoms.
